Abstract. In this paper,we consider a generalized Landau-Lifshtiz equation on a ndimensional closed Riemannian manifold T and we call it GLLE for short. The unknown map u is from T to a compact Lie algebra g. The equation is transformed from classical Landau-Lifshtiz equation. We prove the existence of weak solution to GLLE.
Introduction
In physics, the Landau-Lifshtiz equation, which is deduced by Lev Landau and Evgeny Lifshtiz, is used to describe the precessional motion of magnetization in a solid. Then we will explain it roughly.
Let Ω be a bounded domain in R 3 which is the Euclidean space of 3 dimension. u, denoting magnetization vector, is a mapping from Ω to R 3 . The energy of u is defined by
where the ∇ R 3 and ∆ R 3 denotes the gradient operator and laplace operator on R 3 and dx is the volume element. The well known Landau-Lifshtiz equation is
Here × is vector cross product in R 3 . If we add damping term to the equation, it can be written as u t + αu × u t = u × ∆ R 3 u Here α is the damping parameter which is characteristic of the material.
If the energy is E(u) = 1 2 Ω |∇ R 3 u| 2 f dx the related equation should be
where f is a positive smooth function. Now let us review something about compact Lie algebra. If G is a compact Lie group and g is its Lie algebra,there is an Ad(G)-invariant inner product, denoted by ·, · , on g such that for any X, Y, Z ∈ g
The details can be found in chapter 4 of [XWY] .
It's easy to see that (R 3 , ×) is a compact Lie algebra. So we consider the following equation:
We call it generalized Landau-Lifshtiz equation or GLLE for short,where (T, h) is a ndimensional closed Riemannian manifold with metric h = (h ij ), g is a m-dimensional compact Lie algebra associated with a compact Lie group G, [·,·] is the Lie bracket, S g (1) denotes the unit sphere in g centered at the origin. f : T → R + is a C 1 −function. ·, · is the Ad(G)-invariant inner product and we always omit it. F is a smooth mapping from T × R + × g to g and satisfies the relation:
F (x, t, z), z = 0 f or any z ∈ g u : T × R + → g is an unknown mapping. △ and ∇ are Laplace-Beltrami operator and gradient operator on T. In local coordinates (x 1 , ..., x n ) on T and (u 1 , ..., u m ) on g,
where
and (h ij ) is the inverse of (h ij ).
Before dealing with the problem, let us review some previous results. In case α = 0, f = 1, and [·, ·] is cross product in R 3 , Wang has established the existence of global solution in [W] . In [T] , Tilioua consider the weak solution to
with parameters α,γ,β, where P denotes the orthogonal projector onto the closure of the space of gradients of smooth functions in L 2 -topology and Ω is a bounded domain in R 3 . He used penalized function. We use Wang's method: first,we consider the auxiliary equation
By Galerkin method, it is not difficult to prove that above equation has a solution in
); second, we take a special test function
to multiply the two sides of above equation and integrate on T to show that |v ε | ≤ 1; at last, taking any test function ϕ and integrating by parts, we prove the theorem. Our main result is following.
) which satisfies the relation:
) and |u 0 | = 1 a.e and f : T → R + is a C 1 −function and F is a smooth mapping from T × R + × g to g which satisfies the relation:
then the GLLE has weak solution with initial value u 0 .
The Proof of Theorem
Proof: Let λ i (i = 1, 2, ...) be the eigenvalues of the operator −f ∆ − ∇f · ∇ on the domain H 2 (T). ω i is the normalized eigenfunction corresponding to λ i . That is to say,
The details of the eigenvalues of −f ∆ − ∇f · ∇ can be found in chapter 2.4 of [WMX] . According to Galerkin approximation, let
Here {β N i (t)} are unknown functions which take values in g and assumed to satisfies the following ordinary differential equation:
Id is the unit matrix, and A(β) is an antisymmetric matrix. So Id + A(β) is an invertible matrix. We obtain:
Since F is smooth, the right side of (2.2) is locally Lipschtiz continuous and there is a τ > 0 so that the solution of (2.2) exists in [0, τ ]. Then we get:
Multiplying the two sides of (2.3) by β N i (t) and summing i from 1 to N and integrating by parts, we get:
where vol(T) is the volume of T. Since
then for any T > 0 and any i, β N i (t) can be extended to [0, T ] . That is to say, u N can be extended to [0, T ] . Multiplying the two sides of (2.3) by −λ i β N i and summing i from 1 to N, we get:
Multiplying the two sides of (2.3) by
and summing i from 1 to N and integrating by parts, we get:
Multiplying the two sides of (2.6) by α and then adding the two sides of (2.5) to its two sides and integrating by parts, we obtain:
and for k=1,2,...,m
so there exists a C 1 such that
By Gronwall inequality, we obtain:
and there exists a C 10 (T ) which is independent of ε such that
where T T is the tangent bundle of T.
By the property of weak limits and Aubin-Lions Lemma, there exists a
) and a subsequence of {u N } which is also denoted by {u N } such that
By the same method, we can get: g) ). Fix r ∈ Z + and take any N ≥ r. Then we multiply two sides of (2.3) by η i (t) which belongs to C ∞ ([0, T ], g) and sum i from 1 to r. Letting
and integrating on [0, T ], we get:
